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ABSTRACT 


The  studies  of  round-robin  tournaments,  the  information  contained 
in  the  tournament  is  often  condensed  by  means  of  the  calculation  of  a  set 
of  tournament  scores.  This  thesis  discusses  problems  associated  with  the 
properties  of  such  scores.  Scoring  by  "row-sums",  the  most  commonly  used 
method,  is  examined  in  detail. 

In  Chapter  1,  following  some  preliminary  definitions,  the  concept 
of  "tournament  transitivity"  is  examined,  and  a  method  of  determining  the 
minimum  transitive  sub tournament  for  small  tournaments  is  developed.  The 
method  is  based,  loosely  speaking,  on  the  idea  that  if  the  performances 
(and  hence  the  scores)  of  the  players  in  a  tournament  are  nearly  equal,  the 
tournament  cannot  be  "highly  transitive".  Although  a  close  connection  is 
noted  between  balanced  incomplete  block  designs  and  the  tournaments  con¬ 
structed  with  minimum  transitive  sub tournament s ,  the  exact  nature  of  this 
connection  has  not  been  pursued.  In  the  second  chapter  the  statistical 
model  for  tournaments  proposed  by  Buhlmann  and  Huber  based  on  tournament 
scores  is  presented.  Row-sum  scores  are  shown  to  be  sufficient  estimators 
for  the  statistics  chosen  to  evaluate  each  player's  performance.  Properties 
of  sets  of  row-sum  scores  are  reviewed  in  Chapter  3>  an^  methods  or  gener¬ 
ating  all  possible  "distinct"  sets  of  scores  are  discussed.  Formulae  for 
enumerating  the  number  of  distinct  sets  of  row-sum  scores  that  can  arise 
in  a  tournament  of  given  size  are  derived;  this  enumeration  is  carried  out 
for  tournaments  of  size  less  than  37* 
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CHAPTER  I 

TOURNAMENTS  AND  TOURNAMENT  TRANSITIVITY 


1 . 1  Introduction 

A  round-robin  tournament  (or  "tournament”  for  brevi  ty)  is  composed 
of  a  finite  set  of  objects  and  an  antisymmetric  binary  relation  among  the 
objects  of  the  set.  Tournaments  may  be  regarded  as  a  special  type  of 
directed  graph;  consequently  one  can  employ  graph  theory  when  attempting  to 
describe  properties  of  tournaments.  This  thesis  uses  the  terminology  of 
graph  theory  to  give  precise  definitions  to  such  concepts  as  tournament, 
sub tournament ,  and  cyclic  tournament.  The  structural  and  numerical  properties 
of  tournaments  that  are  presented  depend  in  many  cases  on  combinatorial 
arguments,  though  they  may  be  considered  to  constitute  part  of  general  graph 
theory. 


The  language  of  sports  is  frequently  used  to  describe  a  tournament. 
The  set  of  objects  is  often  referred  to  as  the  "players"  of  the  tournament, 
and  the  relation  among  the  players  is  called  "defeating".  This  interpre¬ 
tation  suggests  the  idea  of  "tournament  transitivity":  we  say  that  a  triple 
of  players  A,  B,  C  has  a  transitive  relationship  if  A  defeats  B  and  B 
defeats  C  implies  A  defeats  C.  We  may  extend  the  idea  of  transitivity 
to  an  entire  tournament,  and  it  is  natural  to  enquire  "how  much"  transitivity 
a  given  tournament  possesses. 


In  section  1.2  of  this  chapter  we  give  the  definitions  and 
notation  we  require,  and  show  how  the  "row-sum  scores"  of  a  tournament  arise. 
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The  notion  of  transitivity  is  considered  in  the  next  section,  and  its 
relationship  with  row-sum  scores  is  indicated.  Bounds  for  the  size  of  the 
minimum  transitive  sub tournament  in  a  tournament  of  a  given  size  are  obtained. 
In  section  l.U,  a  method  of  determining  the  size  of  the  minimum  transitive 
subtournament  for  small  tournaments  is  developed. 

1.2  Definitions  and  Notation. 

It  was  stated  in  the  introduction  that  a  round-robin  tournament 
can  be  regarded  as  a  particular  type  of  graph.  Some  concepts  of  graph 
theory  are  introduced  below  to  provide  a  precise  definition  of  a  round- 
robin  tournament. 

We  say  that  we  have  a  directed  graph*  G  =  (X,T)  whenever  we 
have  (i)  a  set  X,  and  (ii)  a  function  T  mapping  X  into  X.  The 

elements  of  X  are  often  represented  by  points  on  the  plane,  and  if  A 

and  B  are  two  elements  of  X  such  that  B  €  T(a),  A  and  B  are 

conventionally  joined  by  a  directed  line.  A  graph  is  said  to  be  finite 

if  the  number  of  elements  of  X  is  finite.  An  element  of  X  is  called 
a  vertex  of  the  graph  while  the  ordered  pair  (A,B)  with  B  €  r(A)  is 
called  an  arc  of  the  graph.  We  denote  the  set  of  arcs  of  a  graph  by  U. 
Clearly  a  graph  G  =  (X,T)  can  equally  well  be  characterized  by  the  pair 
G  =  (X,U). 


* 


Since  we  deal  exclusively  with  directed  graphs  in  the  following 
discussion,  the  term  "graph”  will  be  taken  to  mean  "directed  graph". 
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A  path  (a  of  a  finite  graph  (X,U)  is  a  sequence  {u^ ,u^,  .  .  . , ) 

of  arcs  of  U  such  that  the  terminal  vertex  of  each  arc  coincides  with  the 

initial  vertex  of  the  succeeding  arc.  We  may  write  p  =  *  *  *  ’^n+l^ 

where  u^  =  The  Path  (i  is  said  to  be  elementary  if  all  of 

the  vertices  A.  are  distinct,  with  the  possible  exception  A,  =  A  ,  . 

i  1  n+1 

A  subgraph  of  a  graph  (X,T)  is  defined  as  a  graph  of  the  form 
(Y,ry)  where  Y£X  and  Py(A)  =  T(a)oY  for  A  €  Y. 

A  graph  is  said  to  be  antisymmetric  if  (A,B)  e  U  =^(B,A)  /  U , 
and  complete  if  (A,B)  /  U  r=^(B,A)  €  U  .  In  this  terminology  we  can 
formulate  the  following  definition: 

Definition  1.1  A  round -rob in  tournament  T  =  (X,U)  (or  simply: 
tournament)  is  a  finite,  complete,  antisymmetric  graph. 

We  say  that  a  tournament  has  n  players  if  the  number  of 
vertices  of  X  is  n,  and  that  player  A  defeats  player  B  (or  won 
his  "game"  with  player  B)  if  (A,b)  €  U.  In  this  case  we  write  A  -+B. 
Hence  if  A,B  e  X,  A  -►  B  or  B  -*  A  but  not  both. 

Definition  1.2  A  sub tournament  Ty  =  (Y,Ty)  of  a  tournament  T  =  (X,T) 
is  a  subgraph  of  the  graph  T. 

Diagrammatical lv  a  tournament  with  n  players  can  be  represented 
by  n  points  with  (2)  directed  line  segments  joining  each  possible  pair. 
We  usually  write  the  label  of  each  player  beside  the  point  representing  him. 
For  example,  consider  the  tournament  T  =  (X.  u)  in  Figure  1  with  5  players. 
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Figure  1. 

Here  X  =  , A^A^, A^, }  , 

and  U  =  {(A1,A2),(A1,A5),(A2,A5),(A2,A4),(A5,A^),(A5>A5),(A4,A5), 

(a4,a1),(a5,a1),(a5,a2)}  . 

An  example  of  a  sub tournament  T'  =  ( X * ,  U* )  of  T  is 

X'  =  {a1>a2,a3)  , 

and  U’  =  {(A1,A2),(A2,A5),(A1,A  )}  . 


Another  suggestive  interpretation  of  a  tournament  is  in  terms 


of  an  associated  matrix.  A  tournament  of  n  players  A, ,A_,...,A  can 

J  12  n 

be  represented  by  an  n  xn  matrix  A  =  (a^j)  if  we  make  the  following 


=  1 

if  A.  -+  A. 

ij 

i  J 

ij 

=  0 

if  A.  — ►  A . 

J  i 

kk 

=  0, 

k  =  1,2, ... ,n 

correspondences : 


A  matrix  A  =  (a. .)  satisfying  the  conditions  a, .  =  0  or  1, 

iJ  ij 

aij  +  dji  =  ^  ^  J >  and  =  0,  is  called  a  tournament  matrix. 

There  is  an  obvious  one-to-one  correspondence  between  all  nxn  tournament 
matrices  and  all  tournaments  of  n  players,  the  number  of  possibilities 


in  each  case  being  2  .  It  is  clear  that  one  obtains  the  tournament 

matrix  generated  by  a  subtournament  S  =  (Y,!^)  of  a  tournament  T  =  (X,T) 
by  deleting  the  rows  and  columns  of  the  tournament  matrix  generated  by  T 
corresponding  to  elements  of  X  -  Y. 


The  interpretation  of  a  tournament  T  as  a  tournament  matrix 
leads  to  the  computation  of  a  "row-sum  score"  s^  for  each  player  A , 
where  s^  equals  the  sum  of  the  elements  of  the  row  corresponding  to 
player  A^  in  the  tournament  matrix  generated  by  T.  Clearly  s.  is 
the  number  of  players  defeated  by  A^.  We  shall  also  speak  of  the 
ordered  "score  vector"  of  T,  and  find  it  convenient  to  give  a  formal 
definition  of  these  simple  ideas. 


Definition  1.^  The  row-sum  score  s_^  corresponding  to  player  A^ 

in  a  tournament  T  of  n  players  A^,A^,...,A^  is  defined  by 
n 

s.  =  Z  a.,  where  A  =  (a.„)  is  the  tournament  matrix  generated  by 
i  .  ,  ij  ij 

J=1 

T.  The  score  vector  (s.  ,s.  ,  ...,s„  )  of  T  is  the  ordered  set  of  s. 

-  i  i  ’  i  i 

12  n 

such  that  s.  <  s.  <  ...  <  s. 

i,  “  i0  “  ~  i 

12  n 


(k)  k 

In  conclusion  we  note  that  a  typical  element  a..'  of  A  , 

ij 

where  A  is  a  tournament  matrix  generated  by  some  tournament  T,  has  a 

(k) 

simple  interpretation,  a./  equals  the  number  of  paths  (A  ,A  ,...,A 

ij  x2 

T  with  k+1  vertices  such  that  A.  =  A.  and  A.  =  A.. 

X1  1  Vl  J 


k+1 


in 
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For  further  comments,  see  Kendall  [l]. 

These  remarks  conclude  this  discussion  of  the  general  terminology 
of  tournaments.  In  the  following  section  we  consider  certain  tournaments 
possessing  specialized  properties, 

1 . 3  Transitive  Tournaments 

In  section  1.2  we  have  shown  how  a  score  vector  may  be  calculated 

from  a  given  tournament.  In  a  tournament  of  3  players  enumeration  of  the 

3 

2  possibilities  shows  that  the  only  score  vectors  that  can  arise  are 
(0,1,2)  and  (l,l,l).  Labelling  the  players  A,  B,  and  G  we  therefore 
find  that  the  possible  tournaments  with  3  players  are  of  one  of  the 
following  two  types: 

( a )  A  — ►  B ,  B  — ►  C ,  A  — ►  C  , 

(b)  A  -»•  B,  B-*-C,  C  -*•  A  . 

Interpreting  the  relation  "  "  as  "defeats”,  tournament  (a)  can  be 

regarded  as  "consistent"  since  if  A  defeats  B  and  B  defeats  C  it 
is  "reasonable"  that  A  defeat  C.  Tournament  (b)  is  "inconsistent"  in 
this  sense. 

In  a  tournament  any  triple  of  players  is  said  to  be  transitive 
if  they  have  relationships  of  type  (a).  This  notion  of  transitivity  is 
generalized  as  follows: 

Definition  l.U  A  tournament  with  n  (>  3)  players  is  said  to  be 
transitive  if  there  is  labelling  of  the  players  A^ , A^, . „ . ,A^  suc^ 

that  for  any  triple  of  indices  i  <  j  k,  A^  — >•  A^ ,  A^  — ►  A^,  A^  ->A^. 
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We  use  the  notation  <  >  to  indicate  that  the  players 

A.,  , .  .  .  ,A  form  an  ordered  transitive  set. 
i  n 

On  the  other  hand  a  triple  of  players  of  type  (b)  is  said  to  be  a 
circular  triple.  In  general  we  make  the  following  definition: 

Definition  1,5  A  tournament  with  n  players  is  said  to  be  c ircular  if 

there  is  an  elementary  path  p  =  (A.  ,A„  , ...,A,  )  with  n  +  1  vertices 

X1  X2  Vl 

in  the  tournament.  (By  the  definition  of  an  elementary  path,  every  player 

will  appear  in  the  path,  and  A,  =  A,  .) 

X1  n+l 


For  example  a  tournament  of  players  A  ,A  , ...,A  would  be 

12  n 

circular  if  A,  ->A_,  A.  -+A  .  ...,A  ,  -» A  ,  A  -*•  A.  .  Clearly  a  tourna- 

1  2  2  3  n-1  n  n  1 

ment  containing  a  circular  subtournament  cannot  be  transitive. 


Recognition  that  situation  (a)  above  represents  a  basic  sort  of 
consistency  and  situation  (b)  a  basic  sort  of  inconsistency  has  led 
Kendall  and  Bab ington -Smith  to  define  the  coefficient  of  consistency  p 
for  an  n-player  tournament  as  follows: 


2kc 

n(n^  -  1 ) 


(n  odd) 


(n  even) 


where  c  is  the  number  of  circular  triples  in  the  tournament.  This 
definition  is  motivated  by  the  following  two  theorems: [2] 
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Theorem  1. 1  The  number  of  circular  triples  c  in  a  tournament  with 
score  vector  (s^,...,s  )  may  be  calculated  from 


c 


n(n5  -  1) 

2k 


where  T 


i=i  (vi)2  ’ 


and  s 


n 


Theorem  1,2  The  maximum  number  of  circular  triples 
ment  with  n  players  is 


c  in  a  tourna 

max 


c 

max 


(  n(n2  -  1) 

24 


n(n2  -  4) 

24 


(n  odd) 


(n  even) 


In  the  case  of  a  transitive  tournament  with  n  players  the 


score  vector  is  (0, 1, . . . ,n-2,n-l)  and  one  easily  computes  T  = 


 g][p2. 


12 


Hence  from  Theorem  1.1,  c  =  0  and  p  =  1.  On  the  other  hand,  Theorem 
1.2  shows  that  p  =  0  is  attained  when  the  number  of  circular  triples  is 
a  maximum,  and  hence  the  number  of  transitive  triples  is  a  minimum,  p 
therefore  provides  a  measure  of  consistency  for  a  given  tournament  based 
on  the  number  of  transitive  triples  and  increases  from  0  to  1  as  the 
number  of  such  triples  increases. 


There  is  another  measure  of  tournament  consistency  of  interest, 
however.  It  is  observed  that  a  given  tournament  always  contains  a 
subtournament  which  is  transitive,  and  one  can  attempt  to  determine  how 
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large  a  transitive  subtournament  a  tournament  of  a  certain  size  must 
possess.  The  remainder  of  this  chapter  considers  this  question. 

Definition  1.6  Let  s(n)  be  the  largest  number  such  that  every 
tournament  with  n  players  has  a  transitive  sub tournament  of  s(n)  players. 

Clearly  2  <  s(n)  <  n,  and  s(n)  is  non -decreasing.  Bounds  for 
s(n)  are  established  by  the  following  theorems. 

Theorem  1.5  [3]  Every  tournament  with  2°  players  contains  a  transitive 

sub tournament  of  n  +  1  players. 


Proof.  The  proof  proceeds  by  induction.  The  theorem  holds  when  n  =  1. 

k+1 

Let  T  be  an  arbitrary  tournament  with  2  players  A^A^,  . . .  ,A 

and  let  s.  be  the  score  of  player  A,.  Then 
1  i 


J 


and  there  is  at  least  one  player  A^  such  that  s^  >  2  ,  for  otherwise 


(2k-l) 


2k+l(gk+l-C 


2k< 


Let  T'  be  the  sub tournament  of  T  with  s^  players  such  that  A^  is 

a  player  of  T'  if  and  only  if  A^  — ►  A^  .  Assuming  that  every  tournament 

of  2^  players  contains  a  subtournament  of  k+1  players,  there  is  a 

transitive  set  of  k+1  players  of  T',  say  <  A  ,A  , ...,A 

11  2  k+1 
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Thus  there  is  a  transitive  set  of  k  +  2  players  of  T, 

<  A  ,A.  ,A  , ...,A,  >  ,  and  the  theorem  is  proved. 

L1  2  1k+l 

Corollary  1.1  s(n)  >  [log^n  +  1],  where  [a]  is  the  largest  integer 
in  a. 

Theorem  1.4  [4] 


s(n)  <  [2  log^n  +  l] 


Proof.  Let  r  be  a  number  such  that  every  tournament  with  n  players 
contains  a  transitive  subtournament  with  r  players.  (By  Corollary  1.1, 
[ log  n  +1]  is  such  a  number.)  The  totality  of  tournaments  with  n 

(g) 

players  is  2  since  each  of  the  (2)  games  have  2  possible  outcomes. 
We  will  generate  all  possible  tournaments  with  n  players  by  first  pick¬ 
ing  r  players  from  the  n  in  all  possible  ways,  ordering  them  into  a 
transitive  set  in  all  possible  ways,  and  then  multiplying  by  all  possible 
relations  between  the  set  of  r  and  the  remaining  n  -  r  players.  That 
is, 


(5)  -  (!)  (2) 

2  >2 


Hence 


> 


Then 


r  log2n 


> 


1) 


and 


r  <  2  log^n  +  1 
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Since  r  is  an  integer, 

r  <  [21og^n  +  1] 


The  bounds  just  established  for  s(n)  hold  for  any  n.  By 
construction  of  special  tournaments  one  can  improve  these  bounds  for  small 
n.  This  problem  is  considered  in  the  next  section. 

1 . 4  Construction  of  Tournaments  Containing  Minimum  Transitive  Sub tournaments 

When  constructing  tournaments  which  have  minimum  transitive 
sub tournament s ,  it  is  convenient  to  consider  tournaments  possessing  symmetry 
with  respect  to  each  player.  For  example,  in  the  tournament  in  Figure  1, 
Section  1.2,  each  player  is  indistinguishable  except  for  his  label.  Not 
only  does  each  player  win  an  equal  number  of  games,  but  the  games  among 
the  players  defeated  by  each  player  have  an  identical  structure.  When 
considering  sub tournaments  of  a  tournament  of  this  type,  we  may  consider 
only  sub tournaments  containing  one  fixed  player,  since  the  remaining  players 
have  identical  roles  in  the  sub tournaments  containing  them.  "Cyclic" 
tournaments  possess  this  desirable  property. 

Definition  1.7  A  tournament  of  n  players  is  said  to  be  cyclic  if  there 

is  a  labelling  A0’ Ai> • * ♦ ,An-i  of  the  Players  such  that  At  A j  implies 

A,  v  .  -+A/.  ,  \  ,  for  integral  k.  (The  tournament  given  in 

(i+k)mod  n  (j+k)mod  n 

Figure  1,  Section  1.2  is  cyclic.) 

A  tournament  can  be  cyclic  only  if  it  has  an  odd  number  of 
players,  since  if  n  =  2m,  and  A.  -Ai+m  >  then  Ai+ra  ^  A(  i+nH.m)mod  n  =  V 
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a  contradiction.  If  a  tournament  is  cyclic,  and  -► A . ,  there  is  a 
third  player  A^  such  that  A^  -*Ai>  as  may  be  seen  by  taking 
k  =  2i  -  j(mod  n).  Similarily  if  A^  -►  A^  there  is  a  third  player 
such  that  A^  -> A^  .  Each  player  therefore  wins  a  game  for  every  game 
lost,  and  vice-versa.  Letting  n  =  2m  +  1,  it  follows  that  every  player 
wins  m  games  and  loses  m  games. 


We  shall  formulate  a  rule  for  constructing  certain  cyclic 
tournaments.  In  so  doing  we  will  require  the  following  considerations 
from  number  theory,  which  may  be  found  in  many  standard  references.  (See 
for  example  [5].) 


If  the  congruence  x2  =  a(mod  m)  can  be  satisfied  for  some  x, 
a  is  said  to  be  a  quadratic  residue  of  m,  and  we  write  aRm;  if  the 
congruence  is  impossible  we  write  aNm.  One  can  show  that  there  are 

nonzero  residues  and  nonresidues  for  an  odd  prime  p.  We  note 

that  0  is  always  a  trivial  residue.  Legendre's  symbol  (— )  is  defined 

cl  cl 

when  p  is  a  prime  by  (— )  =  +  1  if  aRp,  and  (— )  =  -  1  if  aNp,  and 
has  the  following  properties: 


( 


aa ' 
P 
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A  further  property  of  residues  which  we  shall  require  is 
expressed  in  Theorem  1.5  due  to  Lagrange  [6]. 
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Theorem  1.5  Let  p  =  Lk  -  1  be  a  prime  and  let  r  ,r  ,  ...,r  be  the 

1  u  cK 

2k  residues  (mod  p),  and  a  be  an  arbitrary  integer  relatively  prime  to 
p.  Then  among  the  2k  numbers 


r!  +  a>  r2  +  a’  *  *  * »  r2k  +  3 


are  k  residues  (possibly  including  0)  and  k  nonresidues. 


Let  p  be  a  prime  such  that  p  S  3(mod  4).  A  tournament  of 
p  players  * A1  *  * '  *  ,Ap- 1  may  156  con8tructed  as  follows: 

let  A£  -Aj  If  (j  -  l)Rp,  (j  -  i  /  0)  , 


and  A  -♦  A^  if  (j  -  i)Np, 


Lemma  1 . 1  The  above  construction  rule  is  consistent  and  yields  a 

eye 1 ic  tournament . 


Proof. 

that  A . 

J 


Suppose  A.  -4A,  . 

i  j 

-►A  is  impossible. 


If  a  =  j  -  i  then  aRp.  We  wish  to  show 
This  is  equivalent  to  showing  that  -aNp. 


We  have 


Let  p  =  4k  -  1.  Then 


(-i)  2  =  (-d2^1 


-1 


Hence  (— )  =  -(“)  =  -1, 
P  P 

if  A£  -►  Aj j  ( j  -  i)Rp. 


as  required.  The  tournament  is  cyclic,  since 
Hence  (j  +  a)-(i  +  a)Rp  and  -*•  A  ^ 
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We  shall  see  that  the  construction  rule  generates  tournaments 
which  correspond  to  certain  balanced  incomplete  block  designs.  Our 
immediate  purpose,  however,  is  to  establish  the  maximum  transitive  sub¬ 
tournaments  contained  in  the  tournaments  just  constructed. 


For  p  =  7,  k  =  2,  and  the  2k  =  4  residues  are  0, 1,2,4. 
Labelling  the  7  players  Aq’ Al ’ *  *  * ’ A£  from  the  construction  rule  we 
obtain  A^  — >-A^,  A^  A^,  A^  -+A^.  Let  a  be  one  of  (1,2,4).  Theorem 
1.5  asserts  that  among  the  4  numbers  (0  +  a,  1  +  a,  2  +  a,  4  +  a)  are 

2  residues  and  2  nonresidues.  Hence  one  of  ( 1  +  a ,  2  +  a,  4  +  a)  is 

a  residue  and  two  are  nonresidues.  We  have  generated  a  transitive  set 
of  3  players  <  A  ,  A^,  A^  >  where  b  is  one  of  ( 1  +  a,  2  +  a,  4  +  a) . 
Further  this  set  cannot  be  increased  since  A^  is  defeated  by  the  players 
(Al+a’  A2+a’  ^4+a^  "  Ab  *  Theref°re  the  largest  transitive  set  starting 
with  Aq  is  3*  Since  the  tournament  is  cyclic  the  largest  transitive 

set  beginning  with  any  player  is  3,  and  thus  s(7)  <_  3.  By  Corollary 

1.1,  s(7)  >  [logn7  +  1]  =  3,  and  therefore  5(7)  =  3. 

By  simple  enumeration  (of  4  cases),  s(4)  -  3«  Taking  advantage 
of  the  nondecreasing  property  of  s(n),  we  have  s(4)  =  s(5)  =  s(6)  =  s(7) 
=  3.  For  such  small  tournaments  one  could  alternatively  enumerate  all 
possible  cases  to  obtain  the  same  result.  However,  for  larger  tournaments 
this  is  difficult  to  do. 


For  p  =  11,  the  quadratic  residues  are  0,1,3>4,5  and  9»  and 
the  construction  rule  yields  A^  -*-A^,  A^  -►  A  ,  Aq  AI|  ’  Ao  A^  and 
Aq  ->■  A  .  Let  a  e  (1,3, 4, 5, 9).  From  Theorem  1.5  three  of  the  set 
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(a,  1  +  a,  3  +  a,  4  +  a,  5  +  a,  9  +  a)  are  residues  and  three  are  nonresidues. 

That  is,  a  and  two  of  ( 1  +  a,  3  +  a,  k  +  a,  5  +  a,  9  +  a)  are  residues. 

Let  the  two  residues  be  r^(a)  and  r2(a).  T^e  l°ngest  possible  transitive 

sets  one  can  generate  starting  from  are  therefore  either  <  A^,  A^, 

>  or  <  A  ,  A  ,  A  ,  N,  A  /  v  >  .  Thus  s 
0  a  r2(a)’  r^a) 

By  Corollary  1.1,  s(8)  >  [ log28  +  1]  =  k.  Therefore  s(8)  =  s(9) 

=  s(10)  =  s(ll)  =  4,  since  s(n)  is  nondecreasing.  Using  similar  arguments 
one  can  determine  that  s(l6)  =  s(l7)  =  ...  =  s(23)  =  5,  and  that  s(3l)  <r  7, 
s(43)  <  7.  These  inferences  are  summarized  in  Table  1.  For  primes  congruent 
to  3(mod  4)  greater  than  43  the  above  type  of  argument  becomes  unwieldy. 

For  n  <  43,  s(n)  is  close  to  the  lower  bound  established  by 
Corollary  1.1.  When  n  =  13  and  n  =  15*  one  can  enumerate  all  cyclic 
tournaments  with  the  aid  of  an  electronic  computer.  This  was  done,  and  it 
was  disclosed  that  there  exist  no  cyclic  tournaments  of  size  I3  and  15 
with  maximum  transitive  subtoumament  of  size  4.  However,  the  existence 
of  noncyclic  tournaments  with  this  property  is  a  possibility. 


(u)  <  1*. 


In  conclusion,  we  note  that  there  appears  to  be  a  close  connection 
between  cyclic  tournaments  and  balanced  incomplete  block  designs.  For 
example,  for  p  =  23,  if  we  label  the  players  0,1,..., 22  rather  than 
A  ,  A^,  ...,  A02  the  construction  rule  generates  the  cyclic  tournament 
tabulated  in  Table  4.  This  table  can  be  regarded  as  a  balanced  incomplete 
block  design  with  23  blocks  of  11  treatments,  each  pair  of  blocks  having 
5  treatments  in  common.  Similarily  the  cyclic  tournaments  just  considered 


for  p  =  7  and  p  =  11  also  correspond  to  certain  balanced  incomplete  block 
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designs.  (See  Tables  2  and  3*)  This  suggests  that  one  could  alternatively 
consult  tables  of  balanced  incomplete  block  designs  in  an  attempt  to  construct 
tournaments  with  minimum  transitive  sub tournaments  and  apply  enumeration 
procedures.  A  detailed  investigation  of  these  procedures  would  involve  a 
study  of  the  properties  of  balanced  incomplete  block  designs,  for  which  a 
large  body  of  well-known  theory  exists.  Since,  however,  the  foregoing 
analysis  clearly  reveals  the  structure  of  the  tournaments  under  considera¬ 
tion  from  a  simple  viewpoint,  this  thesis  does  not  pursue  the  exact  nature 
of  the  correspondences  just  suggested. 

These  remarks  conclude  this  discussion  of  cyclic  tournaments  and 
tournament  transitivity.  In  the  following  chapter  row-sum  scores  as  a 
means  of  ranking  the  players  in  a  tournament  are  discussed. 
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CHAPTER  2 

ROW-SUM  SCORES  AND  THE  RANKING  OF  PLAYERS 


2. 1  Introduction 

At  the  conclusion  of  a  round-robin  tournament,  it  is  often  desirable 
to  rank  the  players  according  to  their  performance  in  the  tournament.  This 

is  usually  accomplished  by  computation  of  the  row-sum  scores  of  the  associated 

tournament  matrix,  as  discussed  in  Chapter  1.  However,  the  simple  enumera¬ 
tion  of  the  number  of  games  each  player  has  won  may  ignore  important  features 
of  the  tournament.  We  may  find,  for  example,  that  the  player  with  the  small¬ 
est  row-sum  score  defeats  the  player  with  the  largest  row-sum  score.  In  this 
case,  one  intuitively  feels  that  the  first  named  player  should  be  ranked 
higher  than  his  row-sum  score  indicates.  Adjustments  to  the  scores  to  allow 

this  may  be  made  by  ranking  according  to  the  row-sums  of  the  powers  of  a 

"modified"  tournament  matrix.  This  method,  and  the  condition  under  which 
it  will  lead  to  a  unique  ranking  of  the  players,  is  briefly  considered  in 
Section  2.2. 

The  remainder  of  Section  2.2  and  Section  2.3  discuss  the  statist¬ 
ical  model  formulated  by  Buhlmann  and  Huber  for  round-robin  tournaments 
and  the  ranking  of  players.  It  is  assumed  that  there  is  an  unknown  matrix 
which  expresses  the  probabilities  that  each  player  defeats  the  remaining 
players,  and  that  there  exists  a  "true"  ranking  of  the  players  defined  in 
terms  of  this  matrix.  One  then  attempts  to  estimate  the  "true"  ranking 
on  the  basis  of  an  observed  tournament  matrix  whose  elements  are  random 
variables  determined  by  the  unknown  probability  matrix.  Using  decision- 


■ 
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theoretic  procedures  and  principles  of  invariance  one  can  show  that  in 
general  there  may  be  no  "best"  procedure  to  estimate  the  "true"  ranking. 

By  suitable  restriction  of  the  problem  one  can  nevertheless  determine  the 
circumstances  in  which  row-sum  scores  will  be  sufficient  estimators  of  the 
"true"  ranking. 

It  is  emphasized  that  none  of  the  results  obtained  in  this  chapter 
are  new,  although  the  use  of  the  editorial  "we"  might  misleadingly  suggest 
that  the  present  author  has  made  a  contribution  to  the  following  theory. 

2.2  The  General  Ranking  Problem 

In  Chapter  1,  we  have  shown  that  any  tournament  possesses  an 
associated  tournament  matrix  A,  When  A  has  been  formed,  the  question  of 
which  player  "won"  the  tournament  arises.  More  specifically,  we  may  wish 
to  reduce  A  to  a  set  of  scores  expressing  the  relative  ranking  of  the 
players . 

We  shall  assume  in  the  subsequent  discussion  that  the  tournaments 
under  consideration  have  n  players,  labelled  l,2,...,n.  By  a  "ranking" 
we  will  mean  an  assignment  of  one  of  the  numbers  l,2,...,n  to  each  of 
the  players  such  that  no  two  players  are  assigned  the  same  number.  The 
player  assigned  1  is  ranked  highest,  the  player  assigned  2  is  ranked 
second,  and  so  on.  Some  of  the  ranking  procedures  discussed  below  may 
lead  to  "ties"  of  one  or  more  players;  in  such  a  case  one  can  break  the 
tie  in  an  arbitrary  manner  to  obtain  a  ranking  in  the  above  sense,  for 
example,  by  assigning  the  lowest  numbered  player  the  lowest  rank  number. 


The  method  usually  used  to  obtain  a  ranking  from  A  is  to: 
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(1)  rank  is  descending  order  of  s^,  i  =  l,2,...,n,  where  the 
s^  are  the  row-sum  scores  determined  from  A.  (See 
Definition  1.3.) 

k  (k} 

Alternatively,  we  may  consider  the  powers  B  =  (b^; )  of  the 
modified  tournament  matrix  B  which  has  been  obtained  from  A  by  replacing 
each  of  the  principal  diagonal  elements  of  A  by  l/2.  Another  method  of 
obtaining  a  ranking  of  the  players  is  to: 

(2)  define  =  £  bfk^  ,  and  rank  in  descending  order  of 

1  j  1J 

f(k)  J  _  I  Q 

i  ^  y  i  —  I  j  u  j  •  ♦  •  )  II  « 

This  method  is  equivalent  to  (l)  when  k  =  1,  since  s^  =  rj^  -  ^  .  For 


k  =  2,  we  have  r 


[2)  -Ar[lK  Z  r^  . 


2  i 


;  J 


That  is,  to  one  half  of  each 


player's  score  we  add  the  scores  of  the  players  he  has  defeated.  When 

(k) 

k  >  3,  the  scores  {r^  '}  cannot  be  expressed  as  simply  as  in  the  case  of 
k  =  1  and  k  =  2. 

The  relative  ranking  of  the  players  will  in  general  change  as 
k  increases.  Kendall  has  shown  that  for  sufficiently  large  k  the  ranking 
will  be  unchanged  by  further  powering  of  B  if  there  is  no  permutation  B' 
of  the  rows  and  columns  of  B  which  can  be  written  in  the  form 


B '  = 


B11  B12 


0 


B 
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where  B^  and  B^  are  square  submatrices  and  0  is  a  submatrix  (not 
necessarily  square)  of  zeros.  [7].  If  B  has  a  simple  positive  latent  root 
which  is  greater  in  absolute  value  than  the  other  latent  roots  every  column 
of  Bk  will  converge  to  a  multiple  of  the  latent  vector  corresponding  to 
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this  root.  In  this  case  the  vector  of  row  sums  of  B  will  converge  in 
ratio.  This  situation  may  not  occur,  rather  the  vector  of  row-sums  may  not 
converge  in  ratio  but  oscillate.  The  ranking  obtained  in  any  case  will 
remain  unchanged.  It  is  required  in  the  proof  that  B  have  positive  elements 
in  the  principal  diagonal  and  hence  this  type  of  stability  may  not  be  obtained 
when  one  powers  A.  (For  an  interpretation  of  the  powers  of  A,  see  Section 
1.2.) 


A  somewhat  different  approach  to  the  problem  of  ranking  players  has 

been  formulated  by  Buhlmann  and  Huber.  We  may  regard  the  off-diagonal  elements 

b.  .  of  B  as  random  variables,  such  that,  for  i  /  i,  P[b.  .  =  l]  =  p,  and 
ij  '  lj  ij 


P[b..=0]  =  l-p..=p..,  We  take  p, 

L  ij  ij  ji  kk 


2  * 


k  =  1,2,..., n,  and  refer 


to  the  probability  matrix  P  =  (p_).  With  this  formulation,  we  may  wish  to 
rank  the  players  according  to  some  "true”  ranking  criterion  defined  on  the 
basis  of  the  probabilities  p^.  For  example,  we  may  rank  in  descending 
order  of  p.  =  £  p  in  analogy  to  Method  (2)  above.  If,  however,  the  p^ 

are  unknown  (except  that  they  belong  to  a  general  class)  the  following  problem 
arises:  on  the  basis  of  an  observed  B,  to  estimate  the  "true"  ranking  of  the 


players,  and  to  do  so  with  minimum  error. 


We  introduce  the  following  terminology  to  describe  this  problem 
in  decision-theoretic  terms.  Let 

d  =  ( d„ , d_ , . . . , d  )  be  a  ranking  vector,  where  d.  =  k  means 
'  1  2  n  i 

that  player  i  has  been  assigned  rank  k.  (d  is  a  permut¬ 
ation  of  1 ,2, . . . ,n . ) 

L(d,P)  =  loss  if  ranking  d  is  chosen  and  P  is  the  unknown 
probability  matrix. 

5  =  ranking  procedure  assigning  to  each  observed  matrix  B  a 
ranking  vector  5(B). 


- 
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R(5,P)  =  Ep[L(5(B) ,P) ]  =  expected  loss  if  P  is  the  unknown 
probability  matrix  and  ranking  procedure  5  is  used. 

Definition  2.1  The  ranking  procedure  5  is  uniformly  better  than  6' 
for  the  class  TP  of  probability  matrices  if  R(6,P)  <_  R(5',P)  for  all 

P  €  V  . 

In  attempting  to  obtain  a  ranking  procedure  6  it  seems  clear 
that  a  renumbering  of  the  players  should  not  be  of  consequence.  We  specify 
the  requirements  of  invariance  under  permutations  of  the  players  as  follows. 
Let 

'P  =  (P):  space  of  probability  matrices. 

®  -  (B):  space  of  observed  "modified"  tournament  matrices. 

(If  B  =  (b..),  b..  +  b..  =  1,  b..  =  0  or  1, 
ij  iJ  Ji  ij 

i  /  3 ,  and  bj^  =2  *  ^  =  l>2,...,n.) 

Q9  =  } :  space  of  ranking  vectors. 

Then  a  permutation  of  players  cr  operates  on  these  spaces  as  follows; 

on  ‘IP  :  P  ^Pa  =  (pTj)  defined  by  p?.  =  P0-(i)(r(j)  » 

on  ffl  :  B  ^B*  =  (b^)  defined  by  b^  =  b^.^^  , 

on  D  :  d  -►  d =  (d T)  defined  by  d^  =  d^j  . 

We  shall  restrict  our  discussion  to  loss  functions  and  ranking 
procedures  which  are  invariant  in  the  following  sense. 
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Definition  2.2 

L(d,P)  is  invariant  under  cr  if  l(dT,P<J)  =  L(d,P)  . 
B(B)  is  invariant  under  <7  if  5(b)  =  d  ■==£>  5  ( S*7 )  =  d°"  , 

We  now  formulate  the  following  ranking  problem. 


The  General  Ranking  Problem.  Given  that  the  observed  matrices  B  are 

determined  by  an  unknown  matrix  P  €  IP  where  P  is  a  class  of  probability 

matrices  whose  members  P  =  (p..)  have  the  properties  p..  +  p  =1, 

ij  iJ  ji 

i  /  3,  =  ~  ,  k  =  l,..,,n.  Find,  for  a  given  loss  function  L,  a 

ranking  procedure  6  which  for  IP  is  uniformly  best  among  permutation 
invariant  procedures. 


This  problem  was  considered  by  Buhlmann  and  Huber  and  is  discussed 
in  detail  in  [  8]  •  We  first  consider  the  following  special  case. 

The  Reduced  P.anking  Problem.  Let  Ip  =  TPq  consist  of  a  given  probability 
matrix  P^  and  all  matrices  P^  obtained  from  P^  permutations  of  the 
players.  Let  the  loss  function  L  be  defined  by: 

L(d,P)  =0  if  d  is  the  "true"  ranking  for  P, 

L(d,P)  =  1  otherwise . 

Then  determine  S  which  is  uniformly  best  for  "(p^  . 

The  solution  to  this  problem  is  contained  in  the  following 


theorem. 
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Theorem  2.1.  The  required  ranking  procedure  &  for  the  Reduced  Ranking 
Problem  is  as  follows.  Define  the  function 

_  b.  . 

W?(B)  =  f[  Pi-  1J  .  (We  take  0  =1.) 

i/j 

Determine  the  permutation  cr  of  the  players  such  that  W  ^(B)  is  a 

maximum.  Then  rank  according  to  the  true  ranking  for  P*7.  (if  W  ^(b) 

is  maximum  for  more  than  one  a  choose  one  of  the  permutations  in  a  way 
to  preserve  the  invariance  of  &  under  permutations.) 

Proof .  We  see  that  Wp(B)  is  the  probability  of  the  matrix  B  occurring 
when  P  is  the  underlying  probability  matrix.  Then 

R(6,P)  =  Ep[L(6(B),P)] 

=  V  L(6(B),P)W  (B) 

Be"® 

=  y  y  L(d,p)sd(B)wp(B) 

Beng  de30 

where  ^  6d(B)  =  1  for  a11  B*  ^We  take  5  to  be  in  general 

de  tD 

randomized.)  Since  we  require  that 

R(5,P)  £  R(5',P)  for  all  P  , 
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we  wish  to  determine 
we  must  minimize 


&  such  that 


is  minimized. 


That  is, 


1 

n . 


IE 

Be13  de<p 


6d(8) 


^(B) 


where 


qd(B)  =  i  l  L(d.P>CT  (B) 


(a) 


A  minimum  occurs  when  &,(B)  =  0  for  all  d  such  that  q  (b)  >  min  q  ,  (B). 

d  d'eJO  d 

Now  we  determine  d*  as  that  ranking  vector  which  minimizes  q^(B).  If 

L(d,Pa)  =  0  when  W  (B)  is  a  maximum,  a  minimum  q  (B)  is  obtained. 

P  d 

But  L(d*,P  )  =  0  if  we  choose  d*  to  be  the  true  ranking  vector  for  P^. 


If  W  ^(B)  attains  its  maximum  for  more  than  one  permutation 

c,  we  may  choose  one  of  them  so  as  to  maintain  the  invariance  of  5  under 

permutations.  For  example,  one  can  choose  a  permutation  o\  at  random 

with  equal  probabilities  from  the  set  ;(J^,‘**,<Jr  which  maximizes  W  ^(B) 

ai  P 

and  rank  according  to  the  true  ranking  vector  of  P 


In  order  to  show  that  there  is  no  uniformly  best  ranking  procedure 
for  an  arbitrary  class  of  probability  matrices  V  ,  Buhlmann  and  Huber 
exhibit  two  matrices,  PQ  and  P^,  such  that  the  solution  to  the  Reduced 
Ranking  Problem  for  the  same  observed  matrix  B  yields  a  different  result 
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and  P^,  respectively.  (See  [8],  P.  505.)  It  follows  that  there  is  no 


fore  the  General  Ranking  Problem  has  no  solution,  if  treated  in  full 
generality . 


In  Section  2.5  we  shall  restrict  our  attention  to  the  deter¬ 


mination  of  the  class  of  probability  matrices  for  which  the  procedure  & 
of  ranking  according  to  the  row-sums  of  an  observed  B  is  uniformly  best. 

2. 3  Limitations  of  the  Row-Sum  Ranking  Procedure. 

In  Section  2.2  we  have  seen  that  arbitrary  classes  of  probability 
matrices  may  admit  no  optimum  ranking  procedure.  One  can  however  attempt 
to  determine  ^  ,  the  cIass  °f  probability  matrices  for  which  ranking  by 
row-sums  {rj^}  (Method  2,  Section  2.2)  is  uniformly  best.  r  is 
determined  by  the  following  two  theorems  and  corollary. 

Theorem  2.2  Assume  that  P  is  a  probability  matrix  such  that  p  0 

fcr  all  i , j .  Then  W  (B)  depends  on  B  only  through  the  scores 


r 


(1) 


if  and  only  if  P  =  (Pij)  is  of  the  form: 


•  •  •  > 


n 


and 


F(c)  =  (1  +  e'V1 


where  the  are  constants 
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Proof . 


where 


Hence 


with  c 


Let 


Then 


and 


By  the  definition  of  Wp(B), 


if  p  >  0  for  all  i,j  , 


-(0  -0  ) 


1  +  e 


where  0.,  ,0_, .  .  . , 0  are  constants. 
12  n 


c  .  .  =  log  (  ~^-L  )  =  0.-0 

U  V  Pji  / 


1 

2 


i,  j 


b.  .(0.-0.)  = 
ij  i  y 


i 


i 


cl  oj 
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Substitution  in  (a)  yields 


Mp(B)  =  C(P)  exp  r*1*  -  §  £  el 


=  K(e)  exp  J  S."| 


where  K  depends  on  9  =  • • • >^n)  alone.  This  proves  the  sufficiency 

of  the  requirements  2.2  on  P. 


the  fr(^ 

1  l 


such  that 


Conversely,  suppose  that  Wp(B)  depends  on  B  only  through 
)  and  assume  that  there  exist  three  distinct  indices  (^,k,r) 


c  .  +  c  +  c  /  0 

Z k  kr  rZ  ' 


Then  define 


B 


■  (bij) 


and  B ' 


as  follows: 


b 


and  all  other  elements  arbitrary  (except 
for  the  conditions  b . .  =0  or  1, 

bij  +  bji=  u 


I 

=  b' 

=  b*  „ 

=  o, 

Zk 

kr 

rZ 

i 

=  b\ 

=  K 

=  1,  but  otherwise  with  elements  the  same  as  B„ 

ki 

rk 

Z  r 

Then  from  (a)  and  (b)  we  compute 


Wp(B)  /  Wp(B') 
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But  the  row-sums  {rp^}  and  }  for  B  and  B*  respectively  are 

identical.  Hence  Wp(B)  depends  on  B  in  a  more  complicated  way  than 
through  the  {rjj^}  contradicting  our  assumption.  Therefore  (b)  is  false 
and  we  have 


C..+C,  +  c  .  =  0 

i  k  kr  ri 


(c) 


for  every  triple  of  distinct  indices  (i,k,r).  We  may  then  choose 

(0^,...,0n)  such  that  c^  =  -  0^  for  all  i,j.  (For  example,  set 

0.  =  0,  0.  =  -c  .  ,  for  k  >  1.)  Then 

1  k  lk  ' 


pu 


-c 


1  +  e 


ij 


1  +  e 


-(vV 


and  we  have  expressed  P  in  the  required  form  2.2,  completing  the  proof 


P  = 


We  may  now  define  ^  as  the  class  of  probability  matrices 

(p  .)  whose  elements  have  the  form; 
ij 


p.  .  =  ( 1  +  e 
ij 


1  JVX 


where  the  {0.}  are  constants.  A  relationship  between  the  classes 
V,  and  'ip .  is  established  by  the  following  Corollary  and  Theorem, 


Corollary  2. 1  Let  V  be  a  class  of  probability  matrices  for  which 

p, .  /  0  for  i, j,  and  which  with  each  matrix  P  also  contains  all 
possible  permutations  P^"  of  P,  Let  L(d,P)  =0  if  d  is  the  true 
ranking,  1  otherwise.  Then  if  TP  contains  at  least  one  element  PQ  /  TP ^ 
the  ranking  procedure  by  row-sums  {rj^}  is  not  uniformly  best  for 
TP  among  permutation  invariant  procedures. 
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Proof.  Take  PQ  /  and  let  (PQC.  <P  be  the  class  of  all  permuta¬ 

tions  of  Pq.  We  may  assume,  without  loss  of  generality,  that  (l,2,...,n) 
is  the  "true"  ranking  for  P  .  By  Theorem  2.2,  for  some  triple  (i,k,r) 


Cik  +  ckr  +  cr^  0  ' 


Consider  a  modified  tournament  matrix  B  with  the  following  properties: 


(1) 

b 

=  b. 

=  b  „  =  1  . 

a  k 

kr 

rZ 

(ii) 

bkj 

=  brj 

for  all  j  jt  i,k,r 

(iii) 

the 

remaining  elements  of  B  are  so  distributed  that  if 

we  rank  by  row-sums,  player  Z  will  be  assigned  the  Z 


th 


place,  player  k  the  k^  place,  and  player  r  the  r^ 
place.  (A  simple  construction  yields  such  an  n  x  n  matrix 
for  any  n.  See  [8 1 ,  P.  507.) 


If  the  row-sum  procedure  is  uniformly  best  for  IP  (and  hence 
for  Vq)  l11  must  coincide  with  the  Reduced  Ranking  Procedure  on  V 
which  by  Theorem  2.1  is  uniformly  best  for  a  class  of  this  form.  That 
is 


W  (B) 

po 


=  max  W  ( B ) 


a 


0 


for  all  these  permutations  cr  with  the  property  that  (cr(l),  cr(2),  ...,  cr(n)) 
is  a  possible  ranking  vector  by  the  row-sum  ranking  procedure. 

But  because  of  its  special  form,  B  has  two  permutations  a' 


and  cr"  such  that 
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cr'(i) 

=  Z 

> 

a'(k) 

ii 

j-i 

b 

li 

=  l 

9 

an(r) 

=  k,  cr"  (k)  = 

CT'(i) 

=  a" 

U) 

for 

i  /  i,k,r 

W  ,(B)  = 

W 

Pan 

(B) 

=  max 

W  _(B)  . 

0 

po 

O' 

po 

Hence 


w  „,{»)  -  W  (B)  =  0  . 

PU 

0  o 


1,  J 


(a) 


But  from  equation  (a),  Theorem  2.2, 

V  B)  =  C(P)  exp  j±  V  b.  .  eJ  ,  (C(P)  >  0)  , 


and  therefore 


log  W  .(B)  -  log  W  „(B) 

P  P 

0  0 


*■2  +  Ckr  +  CrP  "  +  Crk+ 

=  Cik  +  Ckr  +  0  ’ 


contradicting  (a),  since  p, ,  ^  0  for  all  i,j  implies  that  W  ,(B) 


ij 


/ 

0 


and  W  ^.,(3)  are  positive.  Hence  the  assumption  that  P^  ^  is 


0 


false,  completing  the  proof. 


Corollary  2.1  shows  that  V,  DP  where  only  probability 

aj  tc 

matrices  with  positive  elements  are  included  in  IP .  The  following 
theorem  shows  that  for  a  wide  class  of  loss  functions  the  reverse 
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inclusion  holds.  Specifically  we  require  that  the  loss  function 

L  satisfy  the  following  conditions: 


(i) 

(ii) 


L(d,P)  is  invariant  under  permutations. 

L(d,P)  <  L(d',P)  when  dk  <  d^,  d^_  =  d^  , 

d'  =  d.  ,  and  d'  =  d.  for 
Jo  k  i  i 

when  p,  >  p„  for  all  r 
kr  -  £r 


Condition  (ii)  requires  the  loss  to  be  nondecreasing  if  two  players  are 
"wrongly  interchanged"  in  the  ranking. 


Theorem  2 . 3  Assume  V  -  V, 

Xj 

2.3*  Then  ranking  by  row-sums 
among  all  permutation  invariant 


r : 

l 


and  that  L(d,P) 

(i) 


=  E  b .  .  is 

j  U 


procedures . 


satisfies  the  conditions 
for  V  uniformly  best 


Proof.  The  proof  proceeds  in  the  same  way  as  Theorem  2.1  up  to  equation 
(a)  since  we  do  not  restrict  the  class  of  matrices  IP  or  the  loss  function 
to  obtain  (a).  It  remains  to  be  shown  that  the  minimum  of  q^(B)  Is 
attained  when  d  is  obtained  by  ranking  in  descending  order  of  the  {r^^}( 
But  this  will  follow  if 

rk1}  ^  *\l)  and  dk  <  Ai  imply 


qrt(B)  <  q  „(B)  , 


where  7  is  a  permutation  that  interchanges  k  and  jj  and  leaves  all 


other  subscripts  unchanged.  We  have 
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qd(B)  -  q  Js)  =  h  y  [L(d,FCT)W  (B)-L(d7,PCT)W  (B)] 

d7  Pa  pa 


(b) 


=  y  y  [L(d,PCT7)W  (Tr(B)-L(d7,P,:r  )W  ^(B)]  (c) 


Using  the  variance  of  the  loss  function  under  permutations,  and  observing 
that  7^=7,  we  obtain  from  (c) 


qd(B)  -  q  7(B)  =  i  y  [L(d7,PCr)W  (n,(B)-L(d,Pa)W  ^(B)]  .  (d) 


cr 


Combining  (b)  and  (d), 


qd(B)  -  q  7(B)  =  y  [L(d,P<r)-L(d7,P<r)][W  a(B)-W  ^(B)].  (e) 

d  p  p 

Since  P  is  a  function  of  0  =  P*7  is  a  function  of 

0°”  =  (0^^  » •  •  •  ,0cr(n)  )  *  Let  ^  =  ^<J’  from  equation  (a),  Theorem  2,2, 


W  (B)  -  W  (B)  =  K(cp) 
P  P 


exp  cp,}  -exp  r[l>q>y{1 


=  K(<p)[exp(rjy  q>k  +  r*1^)  -  expfr}1^  <f>£  +  <Pfc)] 


exp  {  y  cp.j 

i/k,  i 


When  r,^  ^  >  rf  ^  it  follows  that 
k  ~  j i 


-  33  - 


W^a(B)  -  W  ct7(b)  <0  if  cpu  <  cp^  , 


k  -  ^ 


(f) 


V(B) '  V*(B)  - 0  1£  ** 1  \  ■ 


Since  the  function  L  satisfies  condition  2.3(ii),  and  since 


’’k  -  =7>pk«(  -  p ' 


\  <  <9t  =*.P,„  >  P 


—  key:  ’ 


it  follows  that 


L(d,Pu)  -  L(d7,Pa)  >0  if  cp.  <  cp 


k  — 


and 


L(d,P'J)  -  L(d7,PCJ)  <0  if  qp»  <  cp 


l  -  Yk 


(g) 


J 


Combining  (e),  (f),  and  (g),  we  obtain 


q  (B)  -  q  y(B)  <  0  ,  the  required  result 
d  d' 


This  section  is  concluded  with  a  few  remarks  concerning  the 
results  we  have  obtained. 

For  arbitrary  classes  of  probability  matrices,  we  showed  that 
there  may  be  no  uniformly  best  ranking  procedure.  However,  the  class  of 
probability  matrices  for  which  the  row-sum  ranking  procedure  is  best  is 
determined.  This  class  consists  of  those  probability  matrices  whose 
elements  are  of  the  form  of  the  logistic  function  as  specified  by  the 


conditions  2.2. 
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Throughout  Sections  2.2  and  2.3  we  have  not  found  it  necessary 

to  specify  the  exact  nature  of  the  "true"  ranking  defined  in  terms  of  P. 

Nevertheless,  we  have  assumed  that  the  "true”  ranking  satisfies  certain 

reasonable  conditions.  For  example,  the  conditions  2.3  on  the  loss 

function  specify  that  if  the  probabilities  p  ,  j  =  l,2,.„.,n  are 

respectively  larger  than  the  probabilities  p  . ,  j  =  l,2,...,n,  player 

kj 

i  should  be  ranked  higher  than  player  k.  If  the  opposite  is  true,  the 
loss  function  is  required  to  increase.  These  reasonable  requirements  of 
the  "true"  ranking  are  thus  expressed  as  properties  of  the  loss  functions 


Two  "true"  ranking  criteria  which  one  may  consider  are  ranking 

by  the  row-sums  of  P  as  discussed  in  Section  2.2,  and  ranking  in 

descending  order  of  {q  =  max  p  }.  The  argument  cited  at  the  end  of 

1  j  ij 

Section  2.2  to  show  that  there  may  be  no  uniformly  best  ranking  procedure 
for  arbitrary  classes  of  probability  matrices  is  so  constructed  that 
either  of  these  criteria  is  applicable. 


The  special  form  of  the  loss  function  used  in  the  Reduced 
Ranking  Problem  is  appropriate  when  one  is  attempting  to  "hit"  the  exact 
ranking  only.  We  have  assumed  that  no  loss  results  if  the  "true"  ranking 
is  found  while  all  other  rankings  are  considered  equally  bad.  A  more 
general  loss  function  may  be  defined,  however.  Let  L(d,P)  =  k,  where 
k  is  the  number  of  relations  of  the  type  d^  >  d^  when  player  i  out¬ 
ranks  player  j  in  the  "true"  ranking.  L  then  decreases  as  d  more 
closely  approaches  the  "true"  ranking.  Such  a  loss  function  appears  to 
complicate  the  argument  of  Theorem  2.1  considerably  such  one  must  then 
consider  several  values  of  W  ^(B)  other  than  the  maximum.  We  note 
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that  the  loss  function  just  discussed  is  one  for  which  the  restrictions  of 
Theorem  2.3  are  satisfied. 

In  conclusion,  we  mention  once  again  that  all  of  the  results 
stated  in  Chapter  2  with  exception  of  the  criterion  for  obtaining  a  unique 
ranking  of  the  player  by  powering  of  the  associated  modified  tournament  matrix 
are  due  to  Buhlmann  and  Huber  and  are  available  in  the  references  mentioned. 
These  general  results  appear  to  delineate  very  fully  the  role  of  row-sum 
scores  as  estimators  in  the  statistical  formulation  considered. 
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CHAPTER  3 


PROPERTIES  OF  ROW-SUM  SCORE  VECTORS 


3. 1  Introduction 


We  have  seen  in  the  previous  chapters  that  an  n-vector  of  scores 
arises  naturally  in  a  tournament  of  n  players  as  a  means  of  comparing  the 
relative  "strengths"  of  the  players.  Such  score  vectors  naturally  lead  to 
many  interesting  combinatorial  problems,  some  of  which  we  shall  consider 
now. 


One  problem  of  interest  is  to  determine  the  number  of  distinct 
score  vectors  that  can  arise  in  a  tournament  of  n  players.  Although  an 
explicit  formula  for  this  number  is  not  known,  a  method  of  generating  all 
possible  score  vectors  for  a  tournament  of  given  size  was  discovered  by 
David  in  connection  with  his  work  on  paired  comparisons.  Another,  more 
direct,  method  to  obtain  the  score  vectors  has  been  obtained  by  Narayana 
and  Sarangi.  Bounds  for  the  number  of  score  vectors  have  been  established 
by  Erdos  and  Moser.  These  results,  together  with  some  further  properties 
of  score  vectors,  are  very  briefly  touched  upon  in  the  next  section. 

In  Section  3*3  we  shall  give  recursive  relations  for  calculating 
the  number  of  score  vectors  explicitly  for  a  tournament  of  given  size,  and 
use  these  relations  to  evaluate  the  number  of  score  vectors  for  small 
tournaments  (less  than  37  players). 
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3 • 2  Properties  of  Score  Vectors  and  the  Generation  of  Score  Vectors . 

In  Chapter  1  it  was  shown  that  an  n-vector  of  scores  (s„,s  .  ...,s  ) 

1  2  n 

arises  from  a  tournament  of  n  players  A, , A  .  ,..,A  where  s.  is  the 

v  J  1  2  n  i 

number  of  games  won  by  player  A^.  (See  Definition  I.3.)  We  may  and  shall 

suppose  Chat  the  elements  of  the  vector  . »„)  are  in  non-decreasing 

order  since  we  will  be  concerned  only  with  "distinct"  score  vectors  in  this 

chapter.  One  can  then  inquire  under  what  conditions  a  non-decreasing  n- 

vector  of  nonnegative  integers  will  represent  a  set  of  tournament  scores. 

Landau  has  shown  [9]  that  such  a  vector  (s s  )  represents  a  possible 

set  of  scores  if  and  only  if  s^  +  s^  +  ...  +  >  ( ^) ,  b  -  l,2,...,n-l, 

and  s«  +  s  +  ...  +  s  =  (^).  Motivated  by  these  conditions  we  define 
12  n  2 

t(n),  the  number  of  distinct  score  vectors  which  may  arise  in  a  tournament 
of  n  players, as  follows. 

Definition  3.1  t(n)  is  the  number  of  non-decreasing  n-vectors 

(sl,s2,...,sn)  of  integers  satisfying 

(i)  Sf  +  S2  +  •••-**  >  (2) »  ^  “  1,2, .. .  ,n-l, 

(if)  Si  +  s2  +  ...  +  sn  =  (")  . 


A  possible  approach  to  the  enumeration  of  score  vectors  was 
proposed  by  David  and  was  used  by  him  to  obtain  t(n)  and  the  number  of 
ways  that  each  score  vector  arises  for  n  <  8.  f 10 ] .  Consider  the 
functions 


pn(v--->an)  ■  n  w  +  v  ;  n 

i  <  j  <  n 


>  2 
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When  these  ''generating  functions"  are  expanded,  from  each  term  (a.  +  a  ) 

1  J 

either  a^,  or  a^  is  selected  as  a  multiplier  of  the  remaining  terms. 

If  a  is  selected  we  may  think  of  this  as  a  win  for  player  A.  and  a 

1  l 

loss  for  player  A  ^  ,  and  the  power  of  a^  in  the  resulting  expansion  is 
increased  by  1.  Each  set  of  powers  in  the  expansion  thus  represents  a 
possible  score  vector.  For  example,  taking  n  =  4, 


P4^al,a2,a3,a4^  “  (ai+a2) (ai+a^) ^ai+ai+) (a2+a3^a2+a4^a3+a4^ 


0  12  3 

ai  aj  ak  ai  + 


0  2  2  2 
ai  aj  \  ai 


V  1113 
/.  i  j  k  Z 


112  2 
a .  a  .  a.  a  , 
l  j  x  £ 


where  the  summations  are  taken  over  appropriate  combinations  of  the 
subscripts.  From  this  example  it  follows  that  the  possible  score  vectors 
for  n  =  4  are  (0,1,2,3)>  (0,2,2, 2),  (1,1, 1,3),  (l, 1,2,2)  and  that 
t(4)  =  4.  The  expansion  of  the  generating  function  is  laborious  to  carry 
out  even  for  small  n  and  does  not  yield  a  general  estimate  of  t(n). 

To  obtain  an  upper  bound  for  t(n)  we  can  set  up  a  correspondence 

between  each  score  vector  ( s. , s^, . . . , s  )  and  a  "minimal"  lattice  path 

1  2  n 

on  the  plane  by  si<— »  (i,si),  i  =  1,2,  ...,n.  (By  "minimal"  we  mean 
that  the  path  does  not  "double  back".)  The  points  (i,s^)  uniquely 
determine  the  path  (0,0),  (0^),  (1,8^,  (l,sp),  (2,s2),  ...,  (n-l,sn), 
(n,sn),  (n,n).  When  n  =  4  we  have  shown  above  that  a  possible  score 
vector  is  (0,1,2,3).  The  corresponding  lattice  path  is  then 


■ 
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Minimal  lattice  path 
corresponding  to  the 
score  vector  (0, 1,2,3) 


Since  it  is  easy  to  see  that  the  total  number  of  minimal  lattice  paths 
from  (0,0)  to  (n,n)  is  (^)  we  obtain  t(n)  <  (^)  <  (l+l)^n  =  l+n. 
This  crude  inequality  has  been  improved  recently.  Using  more  refined 
methods  Erdos  and  Moser  have  proven  that 

c  b  c  k 

<  ■<•>  <  ^  • 

where  c^  and  c^  are  positive  constants.  [11], 

It  has  been  conjectured  by  Narayana  and  the  author  that 
t(n)//t(n-l)  is  monotone  increasing  with  limit  k.  [12].  The  inequality 
t(n)  <  4n  shows  that  the  limit  of  t(n)/t(n-l)  cannot  be  greater  than 

4  if  the  ratio  is  monotone  increasing.  This  ratio  is  tabulated  in  Table 

5  for  3  <  n  <  36  using  methods  discussed  below.  The  fact  that  the  ratio 
is  monotone  increasing  for  this  range  seems  to  support  the  conjecture  of 
monotonicity . 


A  more  direct  method  than  that  of  David  for  generating  all 


possible  sets  of  tournament  scores  in  a  tournament  with  n  players  has 
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recently  become  available.  This  method  was  devised  by  Narayana  and  Sarangi 
and  is  based  upon  the  idea  of  a  vector  of  "right -minimal"  integers.  [13]. 

We  say  that  a  j-vector  of  integers  (a^ , a^, . . . , a^ )  is  right-minimal  for  S 

j 

if  (i)  Z  a.  =  S,  (ii)  a..  <  a  <  ...  <  a.,  (iii)  a., a.  -,...,3  are  in 
^_]^1  ^  J  J  J  “  1  1 


turn  made  the  minimum  integer  consistent  with  the  first  two  conditions. 

S  * 

We  may  construct  the  right-minimal  vector  by  setting  a^  =  {-j}  .  Then 


a^,  k  =  j-1, j-2, . . . , 1  are  in  turn  computed  by  a^ 


-{ 


j 

S  -  Z  a 
r=k+l  r 


Then 


we 


may  generate  all  possible  score  vectors  (a^,a  , . . . ,a^)  for  a  tournament 
of  n  players  as  follows: 


(1)  Make  ( a^ , a^, . . . , a^)  right-minimal  for  (^)  .  This  yields 
the  first  score  vector. 

(2)  Subtract  1  from  the  first  a^,  i  =  1,2, ...,n-l  such  that 

i 

Z  a  >  (  )  .  If  this  is  not  possible  all  vectors  have 
k=l  k  2 

been  generated.  If  this  is  possible,  proceed  to  (3)* 

(3)  Add  1  to  the  first  a^,  j  >  i,  such  that  the  nondecreasing 


character  of  the  {a^}  Is  preserved. 


( 4 )  Make 


j-1 


;  (a.,..., a  ,)  right -minimal  for  Z  a  . 

1  J'1  k=l  k 

(5)  Take  the  resulting  vector  (a  , ....a^)  as  the  new  score 

vector.  Repeat  from  step  (2)  to  generate  the  next  score  vector. 


* 


The  notation  [R]  is  defined  by  {R}  =  R  if  R  is  integral. 
{R}  =  [R]  +1  if  R  is  not  integral. 
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Narayana  and  Sarangi  proved  that  this  method  generates  all  score  vectors 
for  n  players  and  that  no  other  vectors  will  be  generated  in  the  process. 
All  possible  sets  of  scores  for  5,  6  and  7  players  are  tabulated  in  Table 
6  in  the  order  that  they  are  generated  by  the  algorithm. 

As  an  example  of  the  type  of  combinatorial  problem  which  is 
suggested  by  the  enumeration  just  discussed  we  present  the  following 
result  due  to  Narayana  and  Sarangi.  [14].  To  describe  the  problem  they 
introduced  a  convenient  notation  for  sets  of  score  vectors.  A  vector  with 
n  positions,  each  of  which  may  be  filled  with  an  asterisk  or  an  integer, 
denotes  the  set  of  all  score  vectors  for  a  tournament  of  n  players  such 
that  the  scores  corresponding  to  the  specified  integers  are  fixed  while 
the  other  positions  can  take  on  any  permissible  value.  For  example 
(1,*,*,*)  denotes  all  score  vectors  for  4  players  such  that  the  least 
score  is  1.  We  may  then  indicate  the  number  of  score  vectors  in  a 
specified  set  by  preceding  the  vector  describing  the  set  with  the  symbol 
#.  Hence  #(l, *,*,*)  =  2,  since  (*,*,*,*)  =  ((0,1, 2,3).  (0,2, 2, 2), 

(1,1, 1,3),  (1, 1,2,2)}.  Narayana  and  Sarangi  proved  that  in  particular 
#(k,*, . . . ,*,n-2)  >  #(k,*, . . . ,*,n-l)  in  tournaments  of  n  players,  where 
k  is  any  permissible  integer.  This  fact  may  be  verified  for  n  =  5,  6, 
and  7  by  consulting  Table  6.  When  n  =  5  we  have 

#(0,  ,  .  ,3)  =  2  =  #(0,*,*,»,4)  , 

and  #(1, *,*,*, 3)  =  2  =  #(1, *,*,*, 4) 

the  permissible  values  of  k  being  0  and  1.  When  n  =  6,  the  possible 
values  of  k  are  0,  1,  and  2,  and  we  have 
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#(0, *,*,*,*, 4)  =  4  =  #(0, *,*,*,*, 5)  , 

4)  =  5  >  4  =  #(1, *,*,*,*, 5)  , 

and  #(2, *,*,*,*, 4)  =  1  =  #( 2, *,*,*,*, 5)  . 

For  n  =  7  strict  inequality  holds,  since 

#( 0, *,*,*,*,*, 5)  =  10  >  9  =  #( 0,*, *,*,*,*, 6)  , 

*,*,*, 5)  =  12  >  10  =  #(i,*, *,*,*,*, 6)  , 

and  #(2,*, *,*,*,*, 5)  =  4  >  3  =  , 

where  the  possible  values  of  k  are  also  0,  1,  and  2. 

This  concludes  our  resume  of  general  properties  of  score 
vectors  and  methods  of  generating  them.  Section  3*3  presents  a  method 
of  directly  calculating  t(n)  without  actually  generating  all  of  the 
score  vectors  for  n  players. 

3»3  Enumeration  of  the  Number  of  Tournament  Score  Vectors. 

In  this  section  recursive  relations  for  the  evaluation  of 
t(n)  are  given.  (See  Definition  3-1*) 

From  Definition  3«1>  since  the  s^  are  nondecreasing, 

<2> 

s.  >  -  ;  k  =  1,2,. .  .  ,n 

k  “  k 


Since  s. 

k 


is  integral,  this  is  equivalent  to 
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sl  >  0  , 


sk  >  C^p]  +  1  ;  k  >  2  , 


where  [x]  is  the  greatest  integer  in  x  . 


Let  L(n,k)  denote  the  minimum  and  U(n,k)  the  maximum  that 
may  attain  in  a  tournament  of  n  players.  Then 


L(n,l)  =  0  . 


L(n,k)  =  [^~]  +  1  ;  k  >  2 


th 

Denote  the  number  of  losses  of  the  k  player  by  £  .  Then  s  +  £  =  n-1, 

K  K  rC 

and  hence  the  vector  (£ ^ , £?, . . . , £^)  is  arranged  in  non-increasing  order. 
Denoting  the  player  with  score  s^  as  player  i,  we  see  that  since  players 
n+l-k,  n  +  2  -  k,  .  . . ,  n  have  lost  among  themselves  )  games, 

rk' 

K2j 

£  .  ,  >  — : —  ;  k  =  1,2, ...,n 

n+l-k  -  k 


Since  £  is  integral, 

rC 

(n+'-k) 

Z.  >  ~ — — —  implies  Z  >  L(n, n+l-k) 

k  —  n+l-k  k  — 

Further  U(n,k)  is  attained  when  £,  is  a  minimum,  so  that 


U(n,k)  =  n-l-L(n, n+l-k) 


_  ,-n-k-lT  ,  .  , 

n-2- [  0  J  >  ^  —  l,...>n-l  , 


n-1 


;  k  =  n 
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For  n  >  2,  let  f^(T,E)  be  the  number  of  non-decreasing  n- 

n 

vectors  (s  ,,..,s  )  with  Z  s.  =  T,  s  =  E,  and  such  that 
1  n  .  ,  i  n 


n-1 

Z 

i=l 


>  ( 


n-1 

2 


) 


where  the  {s^}  are  nonnegative  integers.  Then  defining 


fL(T,E) 


1  ;  T  =  E 
0  ;  T  /  E 


it  is  readily  seen  that  f  (T,E)  may  be  obtained  for  n  >  2  by  the 

n  — 

recursive  relation 

0  ;  T-E  <  ("g1) 

E 

7  fn-l(T‘E’k);T'E  ^  (5-1) 

k=0 

The  calculation  of  fn(T,E)  may  be  laid  out  conveniently  in 
matrix  form  with  rows  corresponding  to  values  of  T,  and  columns  corres¬ 
ponding  to  values  of  E.  The  matrix  for  f^(T,E)  consists  of  an  infinite 
matrix  with  1  in  the  principal  diagonal  and  zeros  elsewhere.  The 
portion  of  this  matrix  of  interest,  for  nonnegative  T  and  E,  is  as 


follows: 
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Matrix  of 
f^T.E) 


\  E 

tV 

0 

1 

2 

3 

4 

3 

6 

•  •  • 

0 

1 

0 

0 

0 

0 

0 

0 

1 

0 

1 

0 

0 

0 

0 

0 

2 

0 

0 

1 

0 

0 

0 

0 

3 

0 

0 

0 

1 

0 

0 

0 

4 

0 

0 

0 

0 

1 

0 

0 

5 

0 

0 

0 

0 

0 

1 

0 

6 

0 

0 

0 

0 

0 

0 

1 

•  t  • 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

9 

• 

•  •  •  •  • 


f^(T,E)  is  then  obtained  from  the  above  table  by  using 
2 

f  (3»2)  =  £  f  (l,k),  and  we  sum  along  the  row  T  =  1 

2  k=0  1 

obtain  the  following  table. 


(3.1). 


up  to 


For  example 

E  =  2.  We 


Matrix  of 
f2(T,E) 


E 

1 

2 

3 

4 

5 

6 

•  •  • 

1 

1 

0 

0 

0 

0 

0 

#  •  • 

2 

1 

1 

0 

0 

0 

0 

•  •  • 

3 

0 

1 

1 

0 

0 

0 

9  9  9 

4 

0 

1 

1 

1 

0 

0 

9  9  0 

5 

0 

0 

1 

1 

1 

0 

0  9  9 

6 

0 

0 

1 

1 

1 

1 

9  0  0 

• 

• 

• 

• 

0 

9 

• 

• 

• 

• 

• 

• 

9 

• 

• 

• 

• 

• 

• 

9 

• 

In  a  similar  manner  we  may  obtain  f  (T,E): 

5 


•  • 
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When  f^(T,E)  has  been  evaluated,  one  can  obtain  t(n)  from  the  relation 


UQ^n) 

t(n)  =  /  fn^2^,E-*  5  n  -  2  *  ^.2) 

E=L(n,n) 


A  computer  program  was  prepared  to  calculate  tables  of  fn(T,E) 
and  thus  permit  the  evaluation  of  t(n)  for  n  =  2(l)27.  These  results 
are  tabulated  in  Table  5. 

An  extention  of  the  calculation  may  be  obtained  by  building  up 

score  structure  of  2n  players  from  tables  of  f^(T,E).  As  before,  let 

the  scores  be  ordered  into  a  2n-vector,  (s,,...,s  ,s  ,,...,s  ).  Assume 

that  the  first  n  players  win  T  games  and  that  s^  =  E.  The  number  of 

score  structures  for  the  first  n  players  is  then  f  (T,E).  s  =  E 

implies  s  .  >  E  and  thus  the  (n+l)St  player  loses  at  most  2n-l-E 
n+ 1  — 

2n 

games.  But  the  last  n  players  win  {  )  -  T  games,  and  since  they  play 

n(2n-l)  games  in  total,  they  lose  T  games.  Hence  the  number  of  score 
structures  for  the  losses  of  the  last  n  players  is 
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2n- 1-E 

I 

k=L(2n,n) 


f  (T,k) 
n  ' 


Finally  the  number  of  score  structures  (s,,...,s^  )  such  that 

1  2n 

n 

E  s.=T,s  =  E  is 
i=l  1 

2n- 1-E 

fn(T,E)  y1  fn(T,k)  .  (3.3) 

k-L(2n,n) 


Summing  (3.3)  over  E,  we  obtain  the  number  of  score  structures 

n 

(s  ,...,s  )  such  that  E  s  =  T,  and  then  summing  over  T  we  obtain 

1  2n  ^  i 

t(2n).  That  is, 

(  2)  U(2n,n)  2n-l-E 

t(2n)  =  y  y  jyT.E)  y  £n(T>ky  • 

T=(”)  E=L(2n,n)  k=L(2n,n) 


Using  a  similar  argument,  one  can  show  that 

(22+1)  U ( 2n+ 1 , n+ 1 )  2n-E 

t ( 2n+ 1 )  =  y  y  {f n+ 1 ( T > E )  y  fn(T~n’k)}  .  (3.5 

T=(r^1)  E=L(2n+l,n+l)  k=L(2n+l,n) 


If  one  has  used  (3.5)  to  compile  a  complete  table  of  f^(T,E) 
for  n  <  m,  (3. 4)  enables  one  to  compute  t(n)  for  even  n,  n  <  2m,  and 
(3.5)  to  compute  t(n)  for  odd  n,  n  <  2m.  Table  5  was  extended  to 
obtain  t(n)  for  n  =  28(1)36  by  this  method. 

The  computer  used  for  the  calculations  described  in  this  section 
was  an  I.B.M.  1620  with  magnetic  tapes.  Extention  of  the  calculation  beyond 
36  proved  to  be  inconvenient  on  this  equipment  due  to  excessive  time 
requirements.  We  conclude  this  section  with  the  remark  that  calculation 
of  t(n)  for  large  n  (say  100)  by  the  same  method  would  be  feasible  on 
a  faster  machine,  for  example,  an  I.B.M.  7040. 
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TABLE  1. 

VALUES  OF  s(n),  THE  SIZE  OF  THE  MINIMUM  TRANSITIVE 
SUBTOURNAMENT  IN  A  TOURNAMENT  OF  n  PLAYERS 


n 


LOWER  BOUND 
FOR  s(n) 


UPPER  BOUND 
FOR  s(n) 


KNOWN  VALUE 
OF  s(n) 


2 

3 

4 


4 

4 

4 

4 


5 

5 

5 

5 

5 

5 

5 

5 

6 


5 

5 

3 

5 


7 

7 

7 

7 

7 

7 

7 

7 

7 


2 

2 

3 

3 

3 

3 

4 
4 
4 
4 


5 

5 

5 

5 

5 

5 

5 

5 


^3 


6 


7 
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TABLE  2. 


THE  CYCLIC  TOURNAMENT  GENERATED 
BY  THE  CONSTRUCTION  RULE  FOR  p  =  7 


Player  Players 

Number  Defeated 


6 

5 

3 
0 

4 
1 
2 


0,1,3 

0,2,6 

0,4,5 

1.2.4 
1,5,6 

2.3.5 

3.4.6 


TABLE  3. 


THE  CYCLIC  TOURNAMENT  GENERATED 


BY  THE  CONSTRUCTION  RULE  FOR  p  =  11 


Player 

Number 


Players 

Defeated 


Player 

Number 


8 

7 

10 

6 

2 


0,1, 2, 6, 9 
0,1,5,8,10 
0,2, 3, 4,8 
0,4,7,9,10 
0,3, 5,6,7 


9 

0 

3 
1 

4 

5 


Players 

Defeated 


1,2,3,7,10 

1.3. 4. 5. 9 

1.4. 6. 7. 8 

2.4.5.6.10 

2. 5. 7. 8. 9 

3.6.8.9.10 


15 

11 

17 

19 

7 

14 

10 

5 

0 

12 

16 

18 

8 

6 

1 

15 

9 

2 

5 

4 


17 

22 

22 

21 

20 

21 

22 

20 

22 

22 

21 

18 

21 

22 

22 

21 

22 

19 

22 

22 

20 

21 

22 
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TABLE  4. 

THE  CYCLIC  TOURNAMENT  GENERATED 
BY  THE  CONSTRUCTION  RULE  FOR  p  =  23 


Players 

Defeated 


0 

1 

2 

3 

5 

7 

8 

11 

0 

1 

2 

4 

6 

7 

10 

11 

0 

1 

3 

5 

6 

9 

10 

13 

0 

1 

4 

5 

8 

10 

16 

17 

0 

1 

4 

6 

12 

13 

14 

15 

0 

2 

3 

6 

7 

10 

12 

18 

0 

2 

4 

5 

8 

9 

12 

14 

0 

2 

8 

9 

10 

il 

13 

15 

0 

3 

4 

7 

9 

15 

16 

17 

0 

3 

5 

11 

12 

13 

14 

16 

0 

6 

7 

8 

9 

11 

13 

14 

1 

2 

3 

4 

6 

8 

9 

12 

1 

2 

5 

7 

13 

14 

15 

16 

1 

2 

5 

6 

9 

11 

17 

18 

1 

3 

4 

7 

8 

11 

13 

19 

1 

3 

9 

lo 

il 

12 

14 

16 

1 

7 

8 

9 

10 

12 

14 

15 

2 

3 

4 

5 

7 

9 

10 

13 

2 

3 

6 

8 

14 

15 

16 

17 

2 

4 

10 

11 

12 

13 

15 

17 

3 

4 

5 

6 

8 

10 

11 

14 

4 

5 

6 

7 

9 

11 

12 

15 

5 

6 

7 

8 

10 

12 

13 

16 

n 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 

21 

22 

23 

24 

25 

26 

27 

28 

29 

30 

31 

32 

33 

34 

35 

36 
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TABLE  5. 


THE  NUMBER  OF  DISTINCT  SETS  OF  SCORES  IN 
A  ROUND -ROB IN  TOURNAMENT  OF  n  PLAYERS 


t  (  n  ) 

1 

2 

2.0000 

4 

2.0000 

9 

2.2500 

22 

2.4444 

59 

2.6818 

167 

2.8305 

490 

2.9341 

1,486 

3.0327 

4,639 

5.1218 

14,805 

3.1914 

48, 107 

5.2494 

158,808 

5.5OH 

531,1(69 

5.5466 

1,799,659 

5.5862 

6, 157,068 

5.4212 

21,258,104 

5.4526 

73,996,100 

5.4808 

259.1(51,116 

3.5063 

915,695,102 

3.5294 

3,251,073,303 

3.5504 

11,605,141,649 

5.5696 

41,631,194,766 

3.5873 

150,021,775,417 

5.6056 

542,875,459,724 

5.6186 

1,972,050,156,181 

5.6526 

7,189,259,57i(,6l8 

5.6456 

26, 295, 93^.251,565 

3.6577 

96,478,910,768,821 

5.6690 

354,998,1(61,378,71 9 

3.6795 

1,309, 755, 903, 513, 481 

5.6895 

4,844,523,965,710,167 

5.6988 

17,961,489,379,744,400 

3.7076 

66 , 742 , 666 , 423 , 989 ,519 

3.7159 

248,530,319,605,591,021 

3.7257 
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TABLE  6. 


ALL  POSSIBLE  SETS  OF  TOURNAMENT  SCORES  FOR 


TOURNAMENTS  WITH  n  =  5,  6,  and  7  PLAYERS 


n  =  5 


n  =  6 


n  =  7 


n  =  7 
(con ' t) 


OJ 

CU 

rv 

OJ 

2,2) 

(2, 2, 2, 3, 3, 3) 

(3, 3, 3, 3, 3, 3, 3) 

(0,1,3, 

3, 

4,5,5) 

(1,2,2, 

2,3) 

(1,2, 3, 3, 3, 3) 

(2, 3, 3, 3, 3, 3,1) 

(1,1,1, 

h. 

4,5,5) 

0,1,2, 

3,3) 

(0,3, 3, 3, 3, 3) 

(2, 2, 3, 3, 3, 1,1) 

(0,1,2, 

4, 

4,5,5) 

(0,2,2, 

3,3) 

(2, 2, 2, 2, 3,1) 

(1,3, 3, 3, 3, 1,1) 

(1,1,2, 

2, 

5,5,5) 

(0,1,3, 

5,3) 

(1,2, 2, 3, 3,1) 

(2, 2, 2, 3, 1,1,1) 

(0,2,2, 

2, 

5,5,5) 

(1,1,2, 

2,1) 

(1,1, 3, 3, 3,1) 

(1,2, 3, 3, 1,1,1) 

(1,1,1, 

3, 

5,5,5) 

(0,2,2, 

2,1) 

(0,2, 3, 3, 3,1) 

(0,3, 3, 3, 1,1,1) 

(0,1,2, 

3, 

5,5,5) 

(1,1,1, 

3,1) 

(1,2, 2, 2, 1,1) 

(1,2, 2, 1,1, 1,1) 

(2,2,2, 

3, 

3,3,6) 

(0,1,2, 

3,1) 

(1,1, 2, 3, 1,1) 

(1,1, 3, 1,1, l,l) 

(1,2,3, 

3, 

3,3,6) 

(0,2, 2, 3, 4,1) 

(0,2, 3, 1,1, 1,1) 

(0,3,3, 

3, 

3,3,6) 

(0,1, 3, 3, 1,1) 

(0, 1,1, 1,1,1, ij 

(2,2,2, 

2, 

3,4,6) 

(1,1, 1,1, 1,1) 

(2, 2, 3, 3, 3, 3, 5) 

(1,2,2, 

3, 

3,4,6) 

(0,1, 2,1, 1,1) 

(1,3, 3, 3, 3, 3, 5) 

(1,1,3, 

3, 

3,4,6) 

(2, 2, 2, 2, 2, 5) 

(2, 2, 2, 3, 3, 1,5) 

(0,2,3, 

3, 

3,4,6) 

(1,2, 2, 2, 3, 5) 

(1,2, 3, 3, 3, 1,5) 

(1,2,2, 

2, 

4,4,6) 

(1,1, 2, 3, 3, 5) 

(0,3, 3, 3, 3, 1,5) 

(1,1,2, 

3, 

4,4,6) 

(0,2, 2, 3, 3, 5) 

(2, 2, 2, 2, 1,1, 5) 

(0,2,2, 

3, 

4,4,6) 

(0,1, 3, 3, 3, 5) 

(1,2, 2, 3, 1,1, 5) 

(0,1,3, 

3, 

4,4,6) 

(1,1, 2, 2, 1,5) 

(1,1, 3, 3, 1,1, 5) 

(1,1,1, 

4, 

4,1,6) 

(0,2, 2, 2, 1,5) 

(0,2, 3, 3, 1,1, 5) 

(0,1,2, 

4, 

1,4,6) 

(1,1, 1,3, 1,5) 

(1,1, 2, 1,1, 1,5) 

(2,2,2, 

2, 

2,5,6) 

(0,1, 2, 3, 1,5) 

(0,2, 2, 1,1, 1,5) 

(1,2,2, 

2, 

3,5,6) 

(0,1, 3, 1,1, 1,5) 

(1,1,2, 

3, 

3,5,6) 

(2, 2, 2, 2, 3, 5, 5) 

(0,2,2, 

3, 

3,5,6) 

(1,2, 2, 3, 3, 5, 5) 

(0,1,3, 

3, 

3,5,6) 

(1,1, 3, 3, 3, 5, 5) 

(1,1,2, 

2, 

4,5,6) 

(0,2, 3, 3, 3, 5, 5) 

(0,2,2, 

2, 

4,5,6) 

(1,2, 2, 2, 1,5, 5) 

(1,1,1, 

3, 

4,5,6) 

(1,1, 2, 3, 1,5, 5) 

(0,1,2, 

3, 

4,5,6) 

(0,2, 2, 3, 1,5, 5) 
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